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Abstract.
We derive efficiency factors for the production of gravitational waves through bubble colli-
sions and plasma-related sources in strong phase transitions, and find the conditions under
which the bubble collisions can contribute significantly to the signal. We use lattice simula-
tions to clarify the dependence of the colliding bubbles on their initial state. We illustrate
our findings in two examples, the Standard Model with an extra |H|6 interaction and a clas-
sically scale-invariant U(1)B−L extension of the Standard Model. The contribution to the
GW spectrum from bubble collisions is found to be negligible in the |H|6 model, whereas it
can play an important role in parts of the parameter space in the scale-invariant U(1)B−L
model. In both cases the sound-wave period is much shorter than a Hubble time, suggesting
a significant amplification of the turbulence-sourced signal. We find, however, that the peak
of the plasma-sourced spectrum is still produced by sound waves with the slower-falling tur-
bulence contribution becoming important off-peak.
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1 Introduction
A first-order phase transition is a common feature of particle physics models. Though absent
in the Standard Model (SM), such a transition would occur in many proposed extensions.
Interest in this possibility was motivated traditionally by the hope of realizing electroweak
baryogenesis [1–4]. However, more recently such scenarios have enjoyed renewed attention
due to the observational prospects associated with a gravitational wave (GW) background
that such a transition could produce [5–44] 1.
Several years ago leading-order calculations encouraged optimism about a possible GW
signal from a first-order transition due to collisions between runaway bubble walls [49] that
keep accelerating throughout their existence as the vacuum pressure driving the expansion
could overcome the friction enacted by the plasma, which was constant in a leading-order
calculation. However, more recently a next-to-leading order calculation [50] has shown that
at this order the friction is proportional to the gamma factor of the wall, and hence the bubble
walls cannot run away. However, significant dilution of the surrounding plasma could still
allow the walls to accelerate for a prolonged period of time and carry a significant amount of
energy.
In this work we quantify conditions necessary for generating observable GW signals from
bubble-wall collisions in first-order phase transitions. We also calculate the energy budget of
such strong transitions and provide the efficiency factors that allow one to predict accurately
the relative strengths of the sources associated with the plasma and the bubble walls them-
selves. Moreover, we re-examine the efficiencies of the plasma sources, taking account of the
fact that the sound-wave period was found in [51] to be shorter than a Hubble time, leading to
a reduction of the sound-wave contribution as compared to previous estimates. At the same
time, under the assumption that the available plasma sound wave kinetic energy is entirely
1Another interesting possibility is the generation of magnetic fields during such a transition, see, e.g., [45]
or production of primordial black holes [46–48].
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converted into turbulent motion once the sound wave period ends, the GW signal from tur-
bulence is greatly amplified and could be comparable to that from sound waves. However, we
still find that the peak of the spectrum in scenarios where the plasma sources dominate the
signal is produced by sound waves, with the slower-falling turbulence contribution becoming
more important off-peak.
We then discuss in detail two examples that illustrate our results for polynomial and
conformal potentials. The polynomial example is an extension of the SM scalar potential
parametrised by a non-renormalisable six-dimensional Higgs field operator. In this case, we
confirm that significant supercooling is not possible, in agreement with [51], and thus the
bubble collision signal is negligible. We then further quantify the interplay of sound waves and
turbulence in this model. The second example corresponds to a conformal scenario, namely
an extension of the SM by a spontaneously broken U(1)B−L gauge symmetry featuring scale
invariance at the classical level, in which strong supercooling can be realised. We find the
amount of supercooling required to produce a significant GW signal from bubble collisions,
and discuss the interplay between bubble collisions and plasma GW sources in this case.
We also re-evaluate the equation of state during the transition. We take into account
the fraction of the vacuum energy converted into bubble wall kinetic energy, and account
for its redshifting as radiation to compute more accurately the expansion rate. We find that
this modification does not influence significantly the transition up to the percolation time.
The other significant modification of the equation of state occurs in the conformal model,
in which the very small coupling to the plasma can cause the field to oscillate around the
minimum of the potential after the transition for an extended period of time before it reheats
the Universe. This leads to a short period of evolution resembling matter domination in parts
of the parameter space.
The paper is organised as follows. In Section 2 we start by calculating the bubble
wall energy in the thin-wall approximation, and then perform lattice simulations to extend
the thin-wall result to realistic initial bubble profiles. We give expressions for the efficiency
factors for GW production in Section 3, and study the effect of the bubble wall energy on the
expansion rate of the universe in Section 4. Finally, we apply our results in the two above
mentioned model examples in Section 5, and summarize our key conclusions in Section 6.
2 Energy stored in bubble walls
2.1 Thin-wall bubbles
We start with the thin-wall approximation [52], in which the bubble wall is treated as a
boundary of negligible width between the two phases. With this assumption one can write
down a simple Lagrangian as a function of the bubble size R (see, e.g., [53]):
L = −4piσR2
√
1− R˙2 + 4pi
3
R3p , (2.1)
where σ is the bubble wall tension and p is the pressure acting on the bubble wall. In the case
of a vacuum transition the pressure would simply come from the vacuum energy difference
p = ∆V = Vf − Vt. The corresponding total energy derived is given by
E = 4piγσR2 − 4pi
3
R3p , (2.2)
where γ = 1/
√
1− R˙2 is the Lorentz gamma factor of the bubble wall. Typically, in order to
calculate the temperature at which bubbles that can drive the transition begin to nucleate,
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one finds the action of the smallest bubble that will not collapse. This means looking for a
static solution by setting γ = 1 and finding the critical radius for which dE/dR = 0, which
gives 2 R = 2σ/p ≡ Rc. Tracking the bubble growth after nucleation then requires using the
full equation of motion from the Lagrangian (2.1),
R¨+ 2
1− R˙2
R
=
p
σ
(
1− R˙2
) 3
2
, (2.3)
which indeed has a static solution for R = Rc. For an expanding bubble, the initial radius
of the bubble R0 has to be larger than this critical radius.
It is convenient to rewrite the equation of motion (2.3) in terms of the γ factor:
dγ
dR
+
2γ
R
=
p
σ
. (2.4)
This can easily be solved analytically, with the initial condition γ(R0) = 1 yielding
γ =
pR
3σ
+
R20
R2
− pR
3
0
3σR2
≈ 2R
3R0
+
R20
3R2
, (2.5)
where in the last step we have assumed that the initial radius is only slightly larger than
the critical one, R0 ≈ Rc. Using the above equation in the bubble energy (2.2), we can
clearly see that the second term simply amounts to adding a constant to the energy, which
corresponds to the initial action of the nucleated bubble. We see from Eq. (2.5) that the
bubble acceleration will simply follow γ ≈ 2R/(3R0) as the bubble grows 3.
Whilst inclusion of the friction force exerted by the plasma surrounding the bubble
is highly non-trivial in general [55], the case of very relativistic bubble walls (as expected
in strongly supercooled phase transitions) can be tackled using the approximation above
with the addition of two extra terms in the friction. The leading-order term, at a given
temperature, is just a constant [49]
∆PLO ≈ ∆m
2T 2
24
, (2.6)
and the next-to-leading order term associated with particle splitting/transition radiation at
the bubble wall [50] is proportional to the Lorentz γ factor of the wall:
γ∆PNLO ≈ γ g2∆mV T 3 . (2.7)
The differences in (squared) masses between the symmetric and the broken phases are given
by
∆m2 ≡
∑
i
ciNi∆m
2
i , g
2∆mV ≡
∑
i∈V
g2iNi∆mi (2.8)
where Ni is the number of internal degrees of freedom of particle i, ci = 1 (1/2) for bosons
(fermions), ∆m2i = m
2
i,t −m2i,f , ∆mi = mi,t −m2i,f , the sums run over particles that gain
mass in the transition, and in the latter case only gauge bosons are included, where the gi
are their respective gauge couplings.
2This is the usual result for a O(3) symmetric bubble in thin-wall approximation [54].
3We will verify this approximation in Section 2.2 via a comparison with the numerical evolution of realistic
bubble profiles obtained by solving numerically the full equations of motion of the fields in a realistic potential.
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Figure 1. The Lorentz γ factor of the wall of an expanding bubble as a function of time. Different
lines correspond to different values of (∆V −∆PLO)/∆PNLO.
We can include the friction terms (2.6) and (2.7) in the equation of motion (2.3) by
writing
p ≡ ∆V −∆PLO − γ∆PNLO . (2.9)
We note that the above simplified treatment holds provided that ∆V > ∆PLO (known
previously as runaway behaviour [49]) 4. We can now solve numerically the equation of
motion (2.3) with the pressure term (2.9) to find the evolution of γ with time, as shown in
Fig. 1.
The results shown in Fig. 1 depend only on the ratio of ∆V − ∆PLO to ∆PNLO. As
expected, γ ceases to grow when the ratio (∆V −∆PLO)/(γ∆PNLO) is equal to one. Using
the analytical solution (2.5) for R  R0, truncated when the friction terms equilibrate, i.e.
for
γeq ≡ ∆V −∆PLO
∆PNLO
, (2.10)
we find that the radius at which bubble walls cease to accelerate is Req ≡ 3γeqR0/2.
The GW signal from bubble collisions may be significant if the bubble size at percolation
R∗ is not much bigger than Req, as this would mean that a significant fraction of the vacuum
energy was used to accelerate the bubble walls. We can easily approximate that energy
fraction as follows: The bubble expands at roughly the speed of light until it reaches its
final size at collision R = R∗. Up until the bubble reaches Req, essentially all the energy
from vacuum conversion is used to accelerate the wall, except for the part used to overcome
the leading-order friction, i.e., ∆V −∆PLO. The amount of energy gained from the vacuum
conversion is simply ∆V times the volume, thus the fraction of the total energy that is stored
in the wall is given by
Ewall
EV
=
∆V −∆PLO
∆V
. (2.11)
4Otherwise it would yield nonsensical solutions, i.e., bubbles contracting under the plasma pressure, which
would not persist in a more complete thermodynamical treatment.
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After the bubble reaches Req it stops accelerating, and only grows at a constant rate. In that
case the fraction of the total energy released that is stored in the wall is
Ewall
EV
=
(∆V −∆PLO)4pi3 R3eq
∆V 4pi3 R
3∗
+
4piγeqσ(R
2∗ −R2eq)
∆V 4pi3 R
3∗
, (2.12)
where the first term on the right-hand side accounts for all energy gained before the terminal
velocity is reached, and the second term takes into account the increase in the wall area when
the bubble expands at constant velocity. Using 3γeqσ = Req∆V we get
Ewall
EV
=
3
2
γeq
R0
R∗
[
1− ∆PLO
∆V
(
3
2
γeq
R0
R∗
)2]
. (2.13)
The standard treatment in the literature is to define
α ≡ 1
ρR
(
∆V − T
4
∆
dV
dT
)
' ∆V
ρR
, (2.14)
where ρR is the radiation energy density and the last approximation holds in the supercooled
case that is of interest to us. We also define [56] (see also [57])
α∞ ≡ ∆PLO
ρR
=
1
24
∆m2T 2
ρR
, (2.15)
which via α = α∞ determines the weakest transition for which the vacuum conversion pres-
sure driving the bubble expansion is larger than the leading-order plasma friction (2.6). As
discussed above, the validity of our treatment requires α > α∞, as for weaker cases one
should instead try to find the wall velocity in the plasma background, vw, which can be much
smaller than the speed of light [55]. Analogously to (2.15), we can define
αeq ≡ ∆PNLO
ρR
=
g2∆mV T
3
ρR
, (2.16)
which allows us to rewrite the Lorentz γ factor for the terminal velocity of the wall (2.10) as
γeq =
α− α∞
αeq
. (2.17)
Finally, by defining γ∗ as the gamma factor that the bubble wall would reach if the next-to-
leading order friction term γ∆PNLO were neglected,
γ∗ ≡ 2
3
R∗
R0
, (2.18)
the fraction of the total energy at percolation that is stored in the wall can be written as
Ewall
EV
=

γeq
γ∗
[
1− α∞α
(
γeq
γ∗
)2]
, γ∗ > γeq
1− α∞α , γ∗ ≤ γeq .
(2.19)
As expected, the fraction of the total energy that goes into the bubble wall quickly decreases
once the wall reaches its terminal velocity. The rest of the vacuum energy, EV −Ewall, goes
into kinetic and thermal energy of the plasma around the bubble wall. We will explore the
implications of these results for the resulting GW spectra in Section 3.
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Figure 2. The solid lines show the energy stored in the bubble wall Ewall as a function of time
calculated through a lattice evolution for three different initial energies. The dashed lines show the
corresponding results obtained by the approximation (2.22) with R(t) solved from (2.5), and the
dot-dashed one shows the simplest possible approximation (2.22) with R(t) = t and ∆V (t) = ∆V .
2.2 Numerical simulation
Generically, the initial bubble wall after nucleation does not resemble that obtained from
the thin-wall approximation. However, the wall gets thinner as the bubble expands and
accelerates, and eventually the thin-wall analysis described above does hold. In order to
study the bubble evolution at early times we resort to a numerical simulation of an expanding
spherically symmetric bubble. We simulate one bubble starting from a initial profile φin(r)
obtained, as usual, by minimizing the O(3) symmetric action
S3 = 4pi
∫
r2dr
[
1
2
(
dφ
dr
)2
+ V (φ)
]
. (2.20)
The initial profile φin(r) has to satisfy the conditions dφin/dr = 0 at r = 0 and φin → 0 at
r →∞. The evolution of a three-dimensional spherically-symmetric bubble can be described
using only the time and radial coordinate:
− ∂2t φ+ ∂2rφ+
2
r
∂rφ =
dV (φ)
dφ
(2.21)
with the initial conditions φ(t = 0, r) = φin(r) and ∂tφ(t, r) = 0. For the scalar potential
V (φ), we use that discussed later in Section 5.2. However, we note that the qualitative results
do not depend on the actual form of the potential.
Using energy conservation, we can describe the energy stored in the wall through the
potential energy of the bubble, thus avoiding the use of the wall tension in the thin-wall limit
σ (and its inherent inaccuracy). We find that the energy stored in the bubble wall is well
approximated by
Ewall = E0 +
4pi
3
R(t)3∆V (t) , (2.22)
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where E0 = S3(φ = φin) is the initial total energy of the bubble and ∆V (t) = V (0) −
V (φ(t, r = 0)) is the potential energy difference between the center of the bubble r = 0 and
the outside r →∞. This accounts for the fact that the field does not reach the minimum of the
potential inside the initial bubble. The radius R(t) can be solved numerically from Eq. (2.5),
with R0 being the radius of a thin-wall bubble with the potential energy corresponding to
the one of the actual initial bubble,
R0 ≡
[
3E0,V
4pi∆V (t = 0)
]1/3
, (2.23)
where E0,V is the potential energy contribution to the initial bubble energy E0.
We compare the results from our numerical study with those using the approxima-
tion (2.22) in Fig. 2. While bubbles with energy infinitesimally larger than the critical value
can in principle take a very long time before they start growing, the bubble wall energy
always reaches asymptotically the dot-dashed line corresponding to (2.22) with R(t) = t and
∆V (t) = ∆V that provides the simplest possible approximation of the bubble wall energy.
Therefore, the thin-wall prescription presented in the earlier part of this Section is justified
and the initial bubble radius should be calculated using Eq. (2.23).
3 Gravitational wave signals
We now give expressions for the efficiency factors for the various phase transition sources to
generate GWs, as well as the resulting GW spectra. We focus on strong transitions with very
relativistic bubble wall velocities vw → 1, but note that the expressions given below for the
GW spectra are more general 5. These expressions are given at the time of percolation and
we describe the factors necessary to obtain the GW spectrum that would be observed today
in Section 4, via Eqs. (4.6) and (4.7).
As shown in Section 2, the fraction Ewall/EV of the vacuum energy goes into accelerating
the bubble wall (note, however, that, as shown in Section 2.2, the thin-wall value for R0 does
not fit well the bubble wall energy, but one should rather use R0 defined via Eq. (2.23)),
which we define as the efficiency factor for bubble collisions as a source of GW:
κcol ≡ Ewall
EV
. (3.1)
The contribution to the GW signal from the bubble collisions is then given by [58]
Ωcol,∗ = 0.024 (H∗R∗)2
(
κcolα
1 + α
)2( f∗
fcol
)3 [
1 + 2
(
f∗
fcol
)2.07]−2.18
, (3.2)
where6
fcol = 0.51R
−1
∗ (3.3)
5Our results can be generalized to smaller wall velocities by neglecting the bubble collision efficiency factor
κcol from (3.1) and using the corresponding plasma efficiency factor κsw in the case of smaller wall velocities
as given in [56].
6The bubble collision signal can only be sizable if the walls overcome the leading order plasma friction.
This implies vw ≈ 1 which we already used in the GW signals from bubble collisions here.
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is the peak frequency of the spectrum, Treh is the plasma temperature after the vacuum
energy has decayed (see Section 4), and H∗ is the Hubble rate at percolation 7.
The remaining part, 1−Ewall/EV , of the released vacuum energy goes into the surround-
ing plasma. This gives rise to sound waves propagating in the plasma after the transition
that source GWs [59–62]. As discussed in Section 2, we focus here on the regime α > α∞, in
which the vacuum pressure accelerating the bubble wall overcomes the leading-order friction
term from Eq. (2.6), and vw ≈ 1. The efficiency coefficient for sound wave GW production
is then approximately given by [56, 57]
κsw =
αeff
α
αeff
0.73 + 0.083
√
αeff + αeff
, with αeff = α(1− κcol) . (3.4)
The sound wave GW spectrum may then be expressed as [57] (see also [51])
Ωsw,∗ = 0.38(H∗R∗)(H∗τsw)
(
κsw α
1 + α
)2( f∗
fsw
)3 [
1 +
3
4
(
f∗
fsw
)2]− 72
, (3.5)
and peaks at the frequency 8
fsw = 3.4((vw − cs)R∗)−1 , (3.6)
with the speed of sound in the plasma cs = 1/
√
3. In our relativistic wall case vw ≈ 1
such that (vw − cs) ≈ 0.422. Our results coincide with the standard GW prescription for
the original runaway scenario 9 (see [57]) if the bubble walls keep accelerating up to their
collision. At the same time, we take into account the energy fraction deposited in plasma if
the walls reach a terminal velocity prior to bubble collisions. The term H∗τsw in (3.5), where
τsw is the length of the sound wave period,
τsw ≡ min
[
1
H∗
,
R∗
Uf
]
. (3.7)
accounts for the fact that if sound waves as a GW source are active for less than a Hubble
time, the GW amplitude from sound waves appropriately is reduced [51]. The root-mean-
square (RMS) fluid velocity Uf can be approximated as [60]
U2f '
3
vw(1 + α)
∫ vw
cs
dξ
ξ2v(ξ)2
1− v(ξ)2 '
3
4
αeff
1 + αeff
κsw , (3.8)
with the plasma velocity profile v(ξ) being dependent on vw and α, as described in [56].
If the sound wave period is significantly shorter than a Hubble time, a sizable fraction
of the phase transition energy can go into turbulence in the plasma when the plasma enters
the non-linear regime after the acoustic (sound wave) period. Turbulence also sources GWs,
and its contribution to the GW spectrum is given by [63]
Ωturb,∗ = 6.8(H∗R∗) (1−H∗τsw)
(
κsw α
1 + α
)3/2 ( f∗
fturb
)3 [
1 +
(
f∗
fturb
)]− 11
3
1 + 8pif∗/H∗
, (3.9)
7Notice that the peak frequency today, given after redshifting by Eq. (4.7), depends on R∗ only through
the product H∗R∗.
8The factor (vw − cs) in (3.6) reflects the fact that the characteristic length scale for sound waves is the
size of the plasma shell rather than the bubble size [61].
9Prior to the computation of the next-to-leading order friction term [50].
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with the peak frequency,
fturb = 3.9((vw − cs)R∗)−1 . (3.10)
The factor 1−H∗τsw in (3.9) parametrizes the relative amount of vortical motion induced in
the plasma, leading to the generation of turbulence. Here we assume that all the energy left
in the bulk fluid motion when the fluid flow becomes non-linear and the sound wave period
ends is transferred into turbulence, so our estimate corresponds to an approximate upper
bound on the turbulent energy component (besides being transferred into turbulence, the
bulk motion from the fluid could be converted into heat during the non-linear fluid regime).
Nevertheless, a turbulence GW spectrum of comparable amplitude to that from sound waves,
as obtained via (3.9), is to be expected when shocks and non-linearities develop in the plasma
within a Hubble time [62], i.e, when τsw < 1/H∗.
With Eqs. (3.5) and (3.9) as an estimate for the GW spectrum from sound waves and
turbulence, we find that the peak is still produced by sound waves, but the GW spectrum may
be quickly dominated by the turbulent contribution for off-peak frequencies. We stress that
while our treatment is clearly very simplified and more study of the turbulence contribution
is necessary [63–66], it indicates that in general turbulence will play a much more important
role compared to sound waves than previously thought.
There is one more possible source of GWs, namely oscillations of the field occurring
after collisions of very energetic bubble walls [58, 67]. However, one has to remember that in
any phenomenologically viable scenario the energy stored in these oscillations eventually has
to be converted to thermal energy to end the effective matter domination period they would
induce. In practice, the energy stored in oscillations will be damped exponentially with the
decay rate of the field ρosc ∝ exp(−t/Γdec). Thus this GW source could only play a role in
cases where the reheating is very inefficient and the matter-like evolution persists for nearly
a Hubble time. However, even then the amplitude of this contribution will be suppressed by
the ratio of the mass scale of our transition (proportional to the vacuum expectation value of
the field) to the Planck mass [44, 58], which will be very small in all the scenarios we consider.
Thus, the only persisting modification to our predictions can come from modified redshifting
during the matter-like evolution period, an issue we address in the following Section.
4 Expansion rate of the Universe
The probability P that a given point still remains in the false vacuum is given by [68, 69]
P (T ) ≡ e−I(T ) , I(T ) ≡ 4pi
3
∫ Tc
T
dT ′ Γ(T ′) v3w
T ′4H(T ′)
[∫ T ′
T
dT ′′
H(T ′′)
]3
, (4.1)
where vw is the velocity of the wall of the expanding bubble, and
Γ(T ) ≡ T 4
(
S3
2piT
) 3
2
e−S3/T (4.2)
is the bubble nucleation rate per unit of time and volume. Taking into account the fraction
of the false vacuum energy already converted into bubble wall energy
1− P (T ) =
∫ Tc
T
dT ′
dP (T ′)
dT ′
, (4.3)
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which redshifts as radiation for vw ' 1 10, the Hubble rate during the phase transition is
H2 =
1
3M2pl
(ρR + ρV + ρwall)
=
1
3M2pl
[
pi2
30
geff(T )T
4 + ∆V P (T ) + ∆V
∫ Tc
T
dT ′
dP (T ′)
dT ′
(
heff(T )T
3
heff(T ′)T ′3
)4/3]
,
(4.4)
where geff(T ) and heff(T ) are, respectively, the effective number of relativistic energy and
entropy degrees of freedom at temperature T .
The standard adiabatic assumptions still hold because, even though the energy stored
in the bubble walls, described by the last term in Eq. (4.4), redshifts like radiation, it does
not contribute to the energy density of the thermal plasma described by the first term. Thus
the amount of primordial radiation just scales as a−4, and it still is a good measure of the
expansion. The new difficulty we encounter is that the probability of remaining in the false
vacuum depends on the expansion rate. However, the coupled Eqs. (4.1) and (4.4) can be
solved simply by iterating them starting from (4.4) with P (T ) = 1. The system converges
very rapidly.
Independently of the model, we find (see Section 5) that the effect of the above correction
on the percolation temperature is negligible. Moreover, it is a good approximation that
vacuum dominance lasts until percolation. After the bubble collisions, the field oscillates in a
roughly quadratic potential around the minimum. The energy density of this oscillating scalar
field redshifts like matter so, if the decay rate of the scalar is small, Γdec < H, the universe
can experience an early period of matter dominance until Γdec ' H when the oscillating
field decays reheating the plasma. Assuming that the transition was strongly supercooled,
∆V  ργ(T∗), and that the thermalization after the decay is fast, adec = areh, the reheating
temperature Treh is given by energy conservation, ργ(Treh) = (a∗/adec)3∆V , as
Treh =
(
Γdec
H∗
) 1
2
(
30∆V
pi2geff(Treh)
) 1
4
, (4.5)
where H∗ = 3M2P∆V
2/(8pi) is the Hubble rate at the percolation temperature. If Γdec > H∗,
radiation dominance begins right after percolation and the above equation for Treh holds
when setting Γdec/H∗ = 1.
Finally, we calculate the GW signal today. The spectrum given in Section 3 is calculated
at T = T∗, and redshifts as the universe expands. The amplitude of the signal scales as
radiation 11:
ΩGW,0 =
(
a∗
a0
)4(H∗
H0
)2
ΩGW,∗ = 1.67× 10−5h−2
(
100
geff(Treh)
) 1
3
(
Γdec
H∗
) 2
3
ΩGW,∗ , (4.6)
and the frequency as f ∼ a−1:
f0 =
a∗
a0
f∗ = 1.65× 10−5 Hz
(
Treh
100 GeV
)(
geff(Treh)
100
) 1
6
(
Γdec
H∗
)− 1
3
(
f∗
H∗
)
. (4.7)
Again, if Γdec > H∗, we should set Γdec/H∗ = 1 in the above equations. In that case our
results match those given in Ref. [5].
10For smaller vw the bubble wall energy density scales slower than radiation [70].
11We approximate that geff(Treh) = heff(Treh).
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5 Illustrative examples
We are now ready to apply the formalism discussed in the previous Sections to explore in
which models the GW signals can have a significant bubble collision contribution. In the
following we analyse two representative models as a way to illustrate our results for scenarios
with polynomial and conformal scalar potentials. We start with a generic extension of the SM
potential by an |H|6 non-renormalisable term in Section 5.1, and consider subsequently an
extension of the SM by a spontaneously broken U(1)B−L gauge symmetry featuring classical
scale invariance – which allows for a prolonged period of supercooling – in Section 5.2.
In each model we compare the produced GW signal to the sensitivities of different
phases of LIGO [71–73], as well as the projected experiments LISA [74], MAGIS [75, 76]
and AION [77] 12. and the Einstein Telescope (ET) [78, 79]. We also show the envisioned
sensitivities of the proposed future missions DECIGO [80] and Big Bang Observer (BBO) [81,
82]. To quantify the detectability of the signal ΩGW(f) we calculate the signal-to-noise ratio,
SNR ≡
√
T
∫
df
[
ΩGW(f)
Ωsens(f)
]2
, (5.1)
where T is the observation time and Ωsens(f) the sensitivity of the given detector. The signal
is considered to be detectable if the signal-to-noise ratio is above some threshold value SNRthr.
In the power-law integrated sensitivities [72] shown with the spectra we use T = 5 years and
SNRthr = 10.
5.1 Standard Model with |H|6 non-renormalisable term
The generation of GWs in this model has been analysed previously in [51]. We nevertheless
use it here as a means to illustrate our treatment for the case of polynomial scalar potentials,
as well as to obtain the possible GW contribution from bubble collisions in this scenario, dis-
cussing also at the end of this Section various improvements in the GW treatment compared
to the analysis in [51].
We start by computing α∞ and αeq in the Standard Model. Using (NW , NZ , Nt) =
(6, 3, 12) in (2.8) and neglecting other contributions that are usually small [56, 57] we compute
α∞ with (2.15). Similarly, using (NW , NZ) = (6, 3) in (2.8) with g = g′ we can compute αeq
from (2.16). We obtain
α∞ = 4.8× 10−3
(
φ∗
T∗
)2
, αeq = 7.3× 10−4
(
φ∗
T∗
)
, (5.2)
where φ∗ is the position of the minimum of the potential at temperature T∗. These estimates
for α∞ and αeq also hold in simple extensions of the SM involving extra scalars, as such new
particles do not become massive due to the transition and the only modification compared to
the SM is a slightly higher g∗, which is present implicitly through ρR. This cancels, however,
in the ratios of αs in Eqs. (2.17) and (2.19) used to compute GW spectra.
We perform the standard field profile calculation of the tunneling field solutions for a
range of values of the cutoff scale Λ associated with the |H|6 effective operator, from which
we find allowed values of α and R∗ as functions of the temperature (for details on the scalar
12For the km configuration of MAGIS/AION we assume a baseline length of 2 km with phase noise 0.3 ×
10−5/
√
Hz and large momentum transfer 4 × 104 together with the sensitivity prescription in [75], whereas
for the space version we assume the configuration discussed in [76].
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Figure 3. The strength of the transition α in the SM+H6 model as a function of the percolation
temperature T∗ together with α∞ and αeq from Eqs. (2.17) and (2.18) (upper left panel) . The final
size of bubbles at collision H∗R∗ and RMS velocity of the plasma Uf used to compute fraction of
Hubble time H∗R∗/Uf at which shocks develop in the plasma ending the sound-wave period and
starting the turbulence period (upper right panel). The gamma factor a runaway wall would have,γ∗,
together with the terminal gamma factor the bubbles reach in their expansion γeq (lower left panel).
The resulting efficiency factors for the sound wave GW signal κsw and the bubble collision signal κcol
(lower right panel). The gray areas in each panel indicates the area of the parameter space excluded
because the bubbles do not percolate, while the light gray area separated by a dashed line indicates
where percolation is questionable.
potential of the model and the calculation of α and R∗, we refer the reader to Ref. [51]). We
show the values of α together with the corresponding values of α∞ and αeq from Eq. (5.2)
in the upper left panel of Fig. 3. The upper right panel of the same figure shows the final
size of bubbles at collision, H∗R∗, and RMS velocity of the plasma Uf . In the region where
H∗R∗ < Uf , shocks/non-linearities develop in the plasma within a Hubble time, ending the
sound wave period and potentially starting the turbulence period. As we see, all reliable
(from the point of view of percolation) results are in this region. While a reliable description
of processes taking place in the plasma from the termination of the sound wave period is
still lacking, it is clear that one cannot simply rely on existing sound-wave simulations to
compute the efficiency of the plasma contribution. The lower left panel of Fig. 3 shows the
gamma factor at which bubbles stop accelerating, γeq, and the gamma factor that a bubble
accelerating all the way to collision would have using Eqs. (2.17) and (2.18). As expected, we
find that in this class of models the bubbles reach their terminal velocity soon after nucleation
and, as a result, most of the energy is transferred into the plasma rather than the bubble
– 12 –
T*=27.8 GeV
10-5 10-4 10-3 0.01 0.1 1 10 100
10-16
10-14
10-12
10-10
10-8
10-6
f [Hz]
Ω GWh
2 AION
MAGIS
space
AION
MAGIS
km
AION
MAGIS
100m
LISA
ET
DE
CI
GO
BB
O
LIGO
O5
O2
T*=36.0 GeV
10-5 10-4 10-3 0.01 0.1 1 10 100
10-16
10-14
10-12
10-10
10-8
10-6
f [Hz]
Ω GWh
2 AION
MAGIS
space
AION
MAGIS
km
AION
MAGIS
100m
LISA
ET
DE
CI
GO
BB
O
LIGO
O5
O2
Figure 4. The GW spectra for representative points in the parameter space of the SM +H6 model.
The left-hand panel shows the strongest signal not excluded by lack of percolation, while the strongest
signal for which percolation is assured is shown on the right-hand panel. The solid line shows the
total signal. The dot-dashed and dotted lines show separately the contributions from sound waves
and turbulence. The colored lines and regions show the power-law integrated sensitivities of various
current and future detectors.
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Figure 5. The signal-to-noise ratio (SNR) of the GW signals in the SM + H6 model as could be
observed in the planned LISA and AION/MAGIS experiments.
wall. This is apparent from the lower right panel of Fig. 3, which shows the final efficiencies
for the sound wave and bubble collision signals.
Fig. 4 shows the GW spectra calculated as outlined in Section 3, together with the
sensitivities of LIGO, LISA, AION/MAGIS and ET. Compared to previous studies (see
e.g. [51]), we note the much stronger turbulence signal coming from taking into account
the increased efficiency of turbulent production in cases where the flow of plasma becomes
non-linear within a Hubble time, see eq. (3.9) and (3.9). Finally, we quantify the reaches of
planned detectors by calculating their SNR, as shown in Fig. 5.
These quantitative results confirm the usual assumption that in this class of models the
bubble collision signal is negligible. It is clear that producing a significant bubble collision
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Figure 6. The false vacuum probability as a function of temperature (left panels) and the energy
density normalized to vacuum energy density as a function of the scale factor (right panels). The
onset of percolation is highlighted by the vertical line. The upper panel correspond to the SM with
H6 term and the lower panels to the classically scale-invariant model. The yellow dashed line shows
the simplest approximation obtained by setting P = 1 in Eq. (4.4), and the solid blue one the final
result obtained by solving Eqs. (4.4) and (4.1), while the green dot-dashed line represents the Hubble
rate one would obtain including only the pre-existing thermal background.
signal requires a long period of supercooling, which is not allowed here as accelerated expan-
sion would spoil percolation. Interestingly, the maximal supercooling α ≈ 1 here actually
corresponds to a minimum of the collision signal. It increases as the strength of the transition
lowers as then the bubbles grow for a shorter time and transfer less energy into the plasma.
In fact, in the limit of a very weak transition in which bubbles collide almost immediately
after nucleation, the collision efficiency would also be significant. However, in that limit the
total energy going into GWs is negligible.
Before concluding our analysis of this model, we highlight the improved treatment of
the false vacuum probability compared to that from [51] as described in Section 4, taking
accurately into account the amount of false vacuum energy converted into bubble-wall energy
that redshifts as radiation. The modified probability is shown in the left panel of Fig. 6 and,
as we can see, the correction arising from this improved treatment is very small, and does
not modify the percolation temperature. The right panel of that figure shows the evolution
of the energy density, which is much more realistic with the improved treatment. However,
this again influences the results only below the percolation temperature.
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5.2 Classically conformal U(1)B−L model
We now consider a classically scale-invariant U(1)B−L extension of the SM as an example
of (classicaly) conformal dynamics. The details of the model can be found in Ref. [41], and
in the following we repeat that calculation except for the GW signal, for which we use the
results obtained in the previous section.
The model includes a new scalar field ϕ that couples to the Higgs field h via a quartic
portal coupling, −λph2ϕ2/4. The phase transition first proceeds along the ϕ direction, and
is of first order as the thermal corrections induce a barrier between the B−L-symmetric and
B−L-breaking minima. The vacuum expectation value of ϕ then induces a negative mass term
for the Higgs field via the portal coupling, that triggers electroweak symmetry breaking. In
the following we study the first step, corresponding to the B−L symmetry breaking. The loop
corrections of the effective finite-temperature potential along the ϕ direction are dominated
by the B−L gauge boson Z ′, so the dynamics of the B−L breaking transition is determined
mainly by the B−L gauge coupling gB−L and the B−L gauge boson mass mZ′ . Very roughly,
the effective finite-temperature scalar potential along ϕ can be approximated as
V (ϕ) ' 3g
4
B−Lϕ
4
4pi2
[
log
(
ϕ2
v2ϕ
)
− 1
2
]
+ g2B−LT
2ϕ2 , (5.3)
where vϕ is the vacuum expectation value of ϕ. In all our numerical calculations, following
Ref. [41], we nevertheless use the full one-loop RG-improved T = 0 potential, evaluate nu-
merically the thermal JT functions, and include the resummation of daisy diagrams. As in
Ref. [41], we fix the kinetic mixing parameter to the value g˜ = −0.5.
First, we evaluate the false vacuum probability as described in Section 4, taking into
account the fraction of the false vacuum energy converted into bubble-wall energy. As shown
in the lower left panel of Fig. 6, the correction arising from the latter is very small, and
does not change significantly the percolation temperature T∗, defined via P (T∗) = e−0.34.
Hence, in the following results we neglect this, and calculate the percolation temperature
simply by setting P (T ) = 1 in Eq. (4.4), as this makes the numerical evaluation faster.
From the lower right panel of Fig. 6 we see that the vacuum dominance lasts roughly until
the percolation, after which the energy density of the universe starts to scale as radiation,
assuming instantaneous reheating.
The percolation temperature T∗ is shown by the blue line as a function of gB−L in
the top left panel of Fig. 7 for mZ′ = 10 TeV. The percolation temperature decreases for
decreasing values of gB−L, and to the left of the α = 1 line the transition occurs during vacuum
dominance. Eventually the percolation temperature becomes smaller than TQCD ∼ 0.1 GeV.
As first pointed out in Ref. [83] and recently studied in detail in Ref. [41], the QCD phase
transition then changes the dynamics of the B−L breaking 13, as the Higgs field acquires
a small vacuum expectation value, vQCD ' 0.1 GeV, that induces a negative mass term,
−λpv2QCDϕ2/4, for ϕ. After the phase transition is completed, the plasma is reheated to a
temperature Treh, shown by the yellow line. This is calculated assuming instant reheating
after percolation. We have checked that, for the parameters used here, the decay rate of ϕ,
Γdec '
λ2pv
2
ϕ
32pimϕ
' 2.5× 10−5gB−L
( mZ′
10 TeV
)−3
GeV , (5.4)
is larger than the Hubble rate at percolation.
13See [84] for an analogous discussion of the effect of the QCD phase transition in the context of a different
conformal scenario.
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Figure 7. Parameters related to the phase transition in the classically conformal U(1)B−L model
obtained by varying the B−L gauge coupling in the range 0.1 < gB−L < 0.52 for fixed mZ′ = 10 TeV.
The strength of the transition, characterized by the α parameter, is shown in the top
right panel of Fig. 7. In the middle left panel the blue line shows the initial bubble radius
R0 (in GeV
−1) calculated from the initial energy, as in Eq. (2.23), and used in our analysis.
We find that for strong transitions that finish above the QCD scale R0 is roughly given by
1/T∗. For the sake of comparison, the yellow line shows the initial radius R˜0 determined from
the bubble profile, as the radius that maximizes the potential energy. This approximation
overestimates the initial radius by a factor of ∼ 3.
The middle right panel of Fig. 7 shows the Lorentz γ factor of the bubble wall at
T = T∗, that is given by γ = min(γeq, γ∗). The bubble wall reaches terminal velocity before
percolation for values of α to the left of the R∗ = Req line. As shown in the bottom left
panel, the efficiency coefficient for the sound wave contribution on the GW spectrum is in
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that case close to unity. For larger values of α the terminal velocity is not reached, and the
efficiency coefficient for the contribution from bubble collisions becomes almost one. Finally,
the RMS fluid velocity is shown in the bottom right panel of Fig. 7.
The resulting GW spectrum is shown in Fig. 8 for different values of gB−L, and mZ′ =
10 TeV (mZ′ = 100 TeV) in the left (right) panels. As expected from the efficiency factors
shown in the bottom left panel of Fig. 7, sound waves are the dominant source of GWs at
high percolation temperature, and bubble collisions at low percolation temperature. These
correspond to the cases shown in the bottom and top panels of Fig. 8, respectively. In the
intermediate case, which for mZ′ = 10 TeV corresponds to T∗ ' 1 GeV (or T∗/Tc ' 3× 10−4,
where Tc is the critical temperature) and for mZ′ = 100 TeV to T∗ ' 100 GeV (or T∗/Tc '
3 × 10−3), the GW spectrum has two peaks, as the contributions to the GW signal from
bubble collisions and sound waves in the plasma are separated and comparable in amplitude.
We also show in Fig. 8 the projected sensitivities of various GW detectors. We see
that in the case of a very strongly supercooled transition the peak of the GW signal from
the B−L-breaking phase transition generally occurs within the sensitivity of LISA. However,
the broadness of the GW spectrum extends, in particular, to higher frequencies, such that a
detector such as MAGIS (or AION) with maximum sensitivity in the intermediate-frequency
range around 0.1 Hz would be ideal for mapping out the GW signal and profiling its two
major components. For less supercooled transitions and for higher Z ′ masses the peak moves
towards higher frequencies and eventually even the Einstein Telescope could probe the tail
of the spectrum.
Finally, in Fig. 9 we show the expected SNR as a function of the model parameters
mZ′ and gB−L for the four future observatories. The signal-to-noise ratio is larger than 10
between the black dashed lines. Above the upper solid black line the bubble wall reaches a
terminal velocity before the collisions, and the dominant contribution therefore arises from
sound waves in the plasma. Below that line the bubble collisions contribution dominates, and
the lower solid line shows where the percolation temperature drops below the critical QCD
temperature. The orange line shows where Γdec = H∗, and to the right of it the universe
experiences a period of matter dominance after the phase transition. Due to this, the strength
of the GW signal rapidly decreases at large m′Z . Above the red line the transition happens
before the vacuum energy becomes the dominant energy density component.
Before concluding, we note that in earlier studies of this model [41, 85] the GW signal
was calculated accounting only for the bubble collision signal with efficiency factor κcol = 1,
and the signal was compared only to the expected LISA sensitivity. We find that the bubble
collisions dominate the signal only at small values of gB−L (below the R∗ = Req line in
Fig. 9), in which case the transition is very strongly supercooled. For larger values of gB−L
the signal sourced by plasma motions can be very strong, making in particular that part of
the parameter space testable with future GW observatories. Moreover, we show for the first
time that this model can be probed also by AION/MAGIS km, AION/MAGIS space and
ET.
6 Conclusions
We have calculated in this paper the energy budget of a very strong first-order phase tran-
sition. This enabled us to calculate the efficiency factors predicting the amount of energy
sourcing the GW spectrum from bubble-wall collisions and also spectra associated with the
plasma. We have found that, since shocks generally develop in the plasma flow within a
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Figure 8. The GW signal from the B−L breaking phase transition for mZ′ = 10 TeV (left panels) and
mZ′ = 100 TeV (right panels), and three different values of gB−L for both. The solid line shows the
total signal. The dashed, dot-dashed and dotted lines show separately the contributions from bubble
collision, sound waves and turbulence. The colored lines and regions show the power-law integrated
sensitivities of various current and future detectors.
Hubble time, the spectra from sound waves and turbulence are expected to be of comparable
order, with sound waves dominating the GW spectrum only in a small region close to its
peak. We also have given general formulae to check how much supercooling is needed before
the bubble wall contribution to the GW spectra becomes relevant. Using specific examples we
have found that only (nearly) classically scale-invariant models allowing for a prolonged in-
flationary phase before the transition completes can provide enough supercooling to produce
bubble-wall-dominated spectra.
We have also performed numerical simulations of expanding bubbles to elucidate the
connection between the initial bubble profiles and their final form upon collision, and have
verified that in realistic examples most relevant bubbles of size R∗ always grow for long
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Figure 9. The color coding shows the magnitude of the signal-to-noise ratio for LISA (upper left), ET
(upper right), AION/MAGIS space (lower left) and AION/MAGIS km (lower right) in the classically
scale-invariant model. The black dashed line highlights the SNR= 10 contour. The shaded region
on the left is excluded by LHC searches. To the right of the orange line there is a period of matter
dominance after the phase transition. Below the upper solid black line the bubble walls reach terminal
velocity before collisions and below the lower solid black line the transition happens at T∗ < TQCD.
enough to evolve into a kink-like configuration leading to predictions resembling those of
the thin-wall approximation. This simplifies significantly the calculation of the final energy
budget of the phase transition. In addition, we have described in detail the equation of
state and the resulting cosmological evolution during the transition. We have verified that the
more complete treatment of the equation of state confirms simplified predictions involving
only the primordial plasma and constant vacuum energy contribution to the Hubble rate
around the percolation temperature.
We have used these general prescriptions to sharpen predictions in two classes of models
of particular interest. Specifically, we have discussed the modification of the SM Higgs
potential by the inclusion of an |H|6 non-renormalisable operator. Secondly, we turned
to models featuring classical scale invariance, which are capable of realizing scenarios with
very significant supercooling. In the case of a modification of the SM potential with the
non-renormalisable |H|6 operator we have confirmed and quantified more precisely that the
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resulting bubble collision spectrum would be highly subdominant with respect to plasma-
related sources (by at least ten orders of magnitude) in all the relevant parameter space.
We have also explored how the more detailed estimate of the equation of state changes the
parameter space, finding that the parameter space in which percolation is guaranteed is not
changed, as the probability of remaining in the false vacuum is not significantly altered at the
percolation temperature. In the case of models with a classically scale-invariant potential, we
have focused on the particular example of the conformal U(1)B−L extension of the SM. We
have ascertained for the first time the energy budget of GW sources in the parameter space
of the model and specified the amount of supercooling necessary to produce a sizable bubble
collision signal. We have also showed that, just as in the previous |H|6 scenario, for all of the
parameter space where sound waves are the dominant source of GWs, nonlinear effects will
cut the sound wave period short of a Hubble time and an extra reduction factor HR∗/Uf < 1
has to be included in the final results, leading also to an enhancement of the turbulence GW
component. We also identify the temperature for which the sound wave and collision spectra
are comparable, which could lead to an interesting spectrum with two distinct peaks.
Finally, we also note that in many cases where the sound wave spectrum peaks within
the LISA band, the part of the spectrum sourced by turbulence has significant extra support
outside the region where LISA is most sensitive. Exploring these regions would be important
for probing these two components produced by the evolution of the plasma in the linear and
non-linear regimes, and highlights the importance of complementarity between LISA and
other GW observatories (see e.g. [86]). Incidentally, this strongly enhances the interest of
possible experiments sensitive to frequencies between 10−2 and 1 Hz, such as MAGIS [76]
and the similar AION proposal [77] as well as the DECIGO [80] and BBO [81, 82] proposals.
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